Let G be a countable discrete amenable group, M a McDuff factor von Neumann algebra, and A a separable nuclear weakly dense C * -subalgebra of M. We show that if two centrally free actions of G on M differ up to approximately inner automorphisms then they are outer conjugate by an approximately inner automorphism, in the operator norm topology, which makes A invariant. In addition, when A is unital, simple, and with a unique tracial state and α is an automorphism of A we also show that the aperiodicity of α on the von Neumann algebra is equivalent to the weak Rohlin property.
Introduction
Since Connes' classification [2] of automorphisms of the injective type II 1 factor von Neumann algebra, the classification of group actions on von Neumann algebras has been intensively studied. In particular, discrete amenable group actions on injective factors were completely classified by many hands. For finite group actions on the injective type II 1 factor the classification was obtained by Jones [6] , after that for discrete amenable group actions on type II factors this work was extended by Ocneanu [13] . For type III λ (λ = 1) factors the classification of discrete amenable group actions was obtained by Sutherland and Takesaki [16] , for type III 1 the classifications of finite group and abelian group actions were obtained by Kawahigashi, Sutherland, and Takesaki [10] , and finally the classification was completed by Katayama, Sutherland, and Takesaki [9] . Recently, Masuda presented the unified proof for these results which is independent of types on factors [11] , [12] .
In the proof shown by Masuda, he applied the Evans-Kishimoto intertwining argument for discrete amenable group actions on von Neumann algebras. The
Central sequences
The following lemma is a generalization of Lemma 3.7 in [1] . To prove this we start from the fact on the strong * topology. Let M be a von Neumann algebra and x n ∈ M 1 , n ∈ N. If [x n , ϕ] → 0, for any ϕ ∈ M * , x n , n ∈ N is called a central sequence. Let A be a separable strong * dense C * -subalgebra of M and ϕ a faithful normal state of M. We recall that if x n ∈ M 1 , n ∈ N is a central sequence and y n ∈ M 1 satisfies x n − y n ♯ ϕ → 0 then y n ∈ M 1 is also a central sequence. This follows from the estimation below, (the same argument is appeared in [17] 
Lemma 2.1. Let M, ϕ, and A be as the above. Suppose that A is unital and nuclear. Then the following holds.
Proof. Let F m , m ∈ N be finite subsets of A 1 such that F m · = A 1 , and let ε m > 0, m ∈ N be a decreasing sequence such that ε m ց 0. Because of Haagerup's theorem in [4] we know that A is amenable. And by using the approximate diagonal defined by Johnson [7] we can obtain finite subsets G m , m ∈ N of A 1 such that
for any a ∈ A 1 and f ∈ F m . Proof of (i). Since H n ∈ M 1 + , n ∈ N is a central sequence, we have a slow increasing sequence m n ∈ N, n ∈ N such that m n ր ∞, |G mn |· [H n , ϕ] 1/2 → 0,
By F m · = A 1 and the second condition of G m , it follows that [h n , a] → 0 for any a ∈ A 1 . Since g * g = 1, we conclude that
Replacing M + and A + with M sa and A sa in the above argument, we can verify the same. Proof of (ii) Let log be the standard branch defined on the complement of the negative real axis, and H n :=
We shall show that H n , n ∈ N is also a central sequence in the following argument.
Let ω be a free ultrafilter on N, µ be the measure on T defined by
Then we can obtain a subsequence n m ∈ N such that lim
Therefore we have lim
Thus we have δ n → 0, and for any k ∈ N we have
Hence it follows that [u n , a] → 0 for any a ∈ A 1 and
By (i) Lemma 2.1 we obtain the following theorem which is a variation of Theorem 4.5 [8] for positive elements and a generalization of Theorem 1.2 [15] for nuclear C * -algebras.
Definition 2.2. Let A be a unital separable simple C * -algebra with a unique tracial state τ . We denote by A ∞ the central sequence algebra A ′ ∩l ∞ (A)/c 0 (A), which is defined by the operator norm topology. An automorphism α of A has the weak Rohlin property if for any k ∈ N there exists (
We let π τ be the GNS-representation associated with τ and
Theorem 2.3. Let A be a unital separable simple nuclear C * -algebra with a unique tracial state τ and α an automorphism of A. Then [α] ∈ Aut(A)/ WInn(A) is aperiodic if and only if α has the weak Rohlin property.
Proof. By using (i) Lemma 2.1, Theorem 2.3 becomes a trivial generalization of Theorem 1.2 in [15] , so the proof is sketchy.
Suppose that α ∈ Aut(A) has a central sequence (f
′′ , by ρ(a) = π τ (a) and ρ(u β ) = V , where u β is the implementing unitary for β. Then we can define a trace
′′ we can obtain a n ∈ U (A), n ∈ N such that π τ (a n ) → V * strongly, thus we have ρ(a n u β ) → 1. However the partition of unities f n , β(f n ) are central sequences and transitive by β then we have φ(au β ) = 0 for any a ∈ A, (see Proposition 5.5 in [14] ). This contradicts φ(a n u β ) → 1.
Suppose
′′ . By the classification theory for aperiodic automorphisms on the injective type II 1 factor due to Connes [2] , there exists a central sequence (E m ) ∈ (π τ (A)
′′ ) ∞ , m ∈ N of projections, in the sense of the strong topology, such that
By the continuous function calculus in the proof of Theorem 1.2 [15] , we have a orthogonality in the operator norm sense, i.e., we can take a subsequence m n , n ∈ N and a central sequence (
Since
3 Certain cocycle conjugacy result
Combining the Ocneanu's 1-cohomology vanishing theorem (7.2 in [13] or Lemma 6 in [11] ) with (ii) Lemma 2.1, we obtain the following. 
for any g ∈ F and ϕ ∈ Φ, and
Furthermore, if Φ and E are empty then it may be assumed that Ψ is empty.
The following lemma was appeared in Corollary 5 of [11] which was proved by using the Ocneanu's 2-cohomology vanishing theorem in [13] . 
for g ∈ F and ϕ ∈ Φ.
Proof of Theorem 3.1. Let A n , n ∈ Z + be an increasing sequence of finite subsets whose union is dense in A 1 , on the operator norm topology, and A 0 = {1 A }. Set a faithful normal state ϕ 0 of M. Let Φ n , n ∈ Z + be an increasing sequence of finite subsets whose union is dense in M * , on the operator norm topology, and Φ 0 = {ϕ 0 }. Let G n , n ∈ Z + be an increasing sequence of finite subsets whose union is G and G 0 = {1 G }.
We shall inductively construct k n ∈ Z + , U (n) n ∈ U (M) for g ∈ G, v n ∈ U (A), δ n > 0, and finite subsets Ψ n of M * for n ∈ N satisfying the following conditions:
and
the conditions are given by
For n = 0, set Assume that we have constructed ∈ U (M) satisfying (2.2n + 1). By (2.2n), i.e.,
By (4.2n) we obtain v (2n+1) ∈ U (A) satisfying (3.2n+1). Thus we can construct W (2n+1) and obtain Ψ 2n+1 ⊂ M * satisfying (5.2n+1). Now we have constructed
, and Ψ 2n+1 satisfying the conditions for 2n + 1. By the same way we can construct k 2n+2 , U (2n+2) , v 2n+2 , δ 2n+2 , and Ψ 2n+2 satisfying the conditions for 2n + 2.
By (1.2n + i) and (3.2n + i) for i = 0, 1 we have
for any a ∈ A k2n−1+i . Thus σ In the following, we show that W (2n+1+i) g , n ∈ N are Cauchy sequences with respect to · ♯ ϕ0 for any g ∈ G and i = 0, 1. The same calculation appeared in [11] . By the first condition of (3.2n + 1 + i), we have
Then it follows that W
for any g ∈ G.
By (
for g ∈ G 2n−1+i . By (5.2n − 1 + i) and (3.2n + 1 + i) we have
which implies that
Combining these estimations we have
Hence we conclude that W (2n+1+i) g , n ∈ N is a Cauchy sequence with respect to · ♯ ϕ0 for any g ∈ G. We define
From the definition of W
, and σ
Then we can see
for any g ∈ G. Indeed, by (5.2n) Ψ 2n ⊃ Φ 2n−1 and (3.2n+1), it follows that
n (ϕ) for any ϕ ∈ M * in the norm topology. Similarly, since
(ϕ) for any ϕ ∈ M * in the norm topology. Then we have
n (ϕ) for any ϕ ∈ M * , in the norm topology. Since Ad W i,g (ϕ) − Ad W By the same way we have Ad W 0,g
2n (ϕ). Hence we conclude Ad
for any g ∈ G and ϕ ∈ M * which means the same equality on M. Setting σ = σ 1 • σ −1 0 ∈ Aut(A) and U g = σ 1 (W * 0,g W 1,g ) ∈ U (M) for g ∈ G, we have the desired conditions. Remark 3.4. By the condition in Theorem 3.1, we can modify U g ∈ U (M) as an α-cocycle. Then, by using the 1-cohomology vanishing lemma we can make α-cocycle U g close to 1 M .
When α and β make A invariant, i.e., α g (A) = β g (A) = A for any g ∈ G, Ad U g is automatically an weakly inner automorphism of A for any g ∈ G.
Then, in particular we obtain the following corollary. 
